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Abstract. We prove that the Cauchy problem associated with the one dimensional 

quadratic (fractional) heat equation: ut = D 2a u^fu 2 , t G (0,T), x G E or T, with 

< a < 1 is well-posed in H s for s > max(-a, 1/2 — 2a) except in the case a = 1/2 

•^T where it is shown to be well-posed for s > —1/2 and ill-posed for s = —1/2. As a 

-^ by-product we improve the known well-posedness results for the heat equation (a = 1) 

by reaching the end-point Sobolev index s = — 1. Finally, in the case 1/2 < a < 1, we 

^ also prove optimal results in the Besov spaces -B^' 9 - 

< 
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1. Introduction and main results 



> 

O 
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00 

The Cauchy problem for the quadratic fractional heat equation reads 

O (1-1) ut ~ D 2 x a u = =Ri 2 , 

CO 

(1.2) w(0,-) = «o, 

where u = u(t,x) G E , a e]0, 1], t G (0,T), T > 0, x G K or T and D^" is the Fourier 
multiplier by |£| 2q . In this paper, we consider actually the corresponding integral equation 
which is given by 

(1.3) u(t) = S a (t)u q= I S a (t - a)(u 2 (a))da, 

Jo 

where S a (t) is the linear fractional heat semi-group and are interested in local well- 
posedness and ill-posedness results in the Besov spaces B^ q (K) with s G E, q G [l,oo[ 

and K = E or T. 

i 



2 L. MOLINET AND S. TAYACHI 

Let us recall that the Cauchy problem associated with the nonlinear heat equation in 



(1.4) u t - Au = =Fu fc 

has been studied in many papers (see for instance [3] 14] 151 IB| \7\ \9\ \TT\ \12\ H"3l fT4l \W\ \W\ I2U] 
[2T] and references therein). It is well-known that this equation is invariant by the space- 
time dilation symmetry u{t,x) i— > u\(t,x) = X k - 1 u(X t, \x) and that the homogeneous 
Sobolev space H 2 fe- 1 is invariant by the associated space dilation symmetry <p(x) \— > 



A*- T (/j(Ax). The Cauchy problem (1.4) is known to be well-posed in H s for s > s c = 
| — -j^j except in the case (n, k) = (1,2). Indeed, in this case the well-posedness is only 
known in H s for s > — 1 and in [S] it is proven that the flow- map cannot be of class C 2 
below H~ l . Hence, this result is close to be optimal if one requires the smoothness of 
the flow-map. Recently, it was proven in [H] that the associated solution- map : uq t-+ u 
cannot be even continuous in H s for s < — 1. The first aim of this work is to push down 
the well-posedness result to the end point H . The second step is to extend these type 



of results for the one-dimensional quadratic fractional heat equation (1.1). Indeed we will 
derive optimal results for the Cauchy problem (1.1) in the scale of the Besov spaces B^ 
in the case ^ < oc < 1. In particular we will prove that the lowest reachable Sobolev index 
is —a that is strictly bigger then the critical Sobolev index for dilation symmetry that is 
1/2 - 2a. 

To reach the end-point index H~ a we do not follow the classical method for parabolic 
equations (cf. [H Q21 EI]) that does not seem to be applicable here. We rather rely on 
an approach that was first introduced by Tataru [16] in the context of wave maps. Note 
that we mainly follow [TU] where this method has been adapted for dispersive-dissipative 
equations. The fact that our equation is purely parabolic enables us to simplify the proof. 
The optimality of our results follows from an approach first introduced by Bejenaru-Tao 
p] for a one-dimensional quadratic Schrodinger equation. This approach is based on a 
high-to low frequency cascade argument. 

Finally we consider the case < a < 1/2. By classical parabolic methods we obtain the 
well-posedness in the Sobolev space rl H s (M.) , s > 1/2 — 2a, unless a = 1/2. On the other 



hand, following a very nice result by Iwabuchi-Ogawa [8], we prove that (1.1) is ill-posed 
in i^ _1 ' 2 (IR) for a = 1/2. It is worth noticing that (1/2, —1/2) is the intersection of the 
straight borderlines for well-posedness that are s = —a and s = 1/2 — 2a. 



Recall that 1/2 — 2a is the critical Sobolev index for dilation symmetry. 
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Before stating our main result, let us give the precise definition of well-posedness we 
will use in this paper. 



Definition 1.1. We will say that the Cauchy problem ( 1.1 )-( 1.2 ) is (locally) well-posed in 



some normed function space B if, for any initial data Uq S B, there exist a radius R > 0, a 



time T > and a unique solution u to (1.3), belonging to some space-time function space 
continuously embedded in C([0,T];B), such that for any t £ [0,T] the map uo h- > u(t) is 
continuous from the ball of B centered at uq with radius R into B. A Cauchy problem will 
be said to be ill-posed if it is not well-posed. 



Theorem 1. Let K = R orT and a G]l/2, 1]. The Cauchy problem (1.1) is locally well- 
posed in the Besov space B^iK) if and only if (s,q) £ I x [1, +oo[ satisfies s > —a or 
s = —a and q £ [1, 2]. 

Remark 1.2. Our negative results can be stated more precisely in the following way : For 
any couple (s,q) € M x [l,+oo[ satisfying, s < —a or s = —a and q > 2, there exists 
T > such that the flow-map uq t-t u(t) is not continuous at the origin from 5^ (K) into 
V'(K) for any t e]0,T[. 

This paper is organized as follows. In the next section we define our resolution spaces 
in the case K = M. In Section 3 we derive the needed linear estimates on the free term 
and the retarded Duhamel operator and in Section 4 we prove our well-posedness result. 
Section 5 is devoted to the non-continuity results for the same range of a. In Section 6 
we complete the well-posedness results by considering the case < a < 1/2. First, by 
classical parabolic methods, we prove that we can reach the critical Sobolev index for 
dilation symmetry that is 1/2 — 2a unless a = 1/2. Then, following [8], we prove that 



(1.1) is ill-posed in H 1 ' 2 (M) for a = 1/2. Finally we explain the needed adaptations in 



the periodic case K = T. 

Throughout the paper, we will write / < g, whenever a constant C > 1, only depending 
on parameters and not on tori, exists such that / < Cg. We write / ~ g if / < g, and 
,9 < /. If C depends on parameters a, we write / < a g, instead. 

2. Resolution Space 
We use the following definition for the Fourier transform 

Hf)(0= / ' f(x)e-^dx, 

Jr 

and the inverse Fourier transform is 

T- l (f){ x ) = ^-f Hf)(iV^di, 
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for / in <S(R), the Schwartz space of rapidly decreasing smooth functions, and by duality 
if / in <S'(IR), the space of tempered distributions. We denote sometimes J~(f) by /. The 
fractional power of the Laplacien can be defined by the Fourier transform: For a£l, 

H(-%) a f)(0 = \t\ 2a Hf)(0- 

Let s be a real number. The Sobolev space H S (R) is defined by 

H°(R) = {uG S'(R) | /(l + K| 2 )'|.F(u)(0| 2 # < 00} 

Jr 

where J-(u) is the Fourier transform of u. The norm on H S (M) is defined by 

(/(1 + K| 2 )'|.F(«)(0| 2 ^ 

<J JR 



1/2 

|"||if»(R) 



We will need a Littlewood-Paley analysis. Let 77 £ Cg°(R) be a non negative even function 
such that suppr/ C [—2,2] and 77 = 1 on [—1, 1]. We define <p(£) = ??(£/2) — r](£) and the 
Fourier multipliers 

J-(A,n)(£) = <p(2-*S)?u(0, j > 0, and .F(A_i U )(0 = r/(£)^u(£) • 

For any s G R and g > 1, the Besov space B 2 ' q (R) is defined as the completion of S(R) for 
the norm 

IHIb-(r) = (E 2J '' 9 II a ^Hl»(r)) 1/9 - 

For s G R, si < S2, 1 < ft < 92 and g> 1 we have the following embeddings 

B^ ^ B s 2 ' q ' 2 and B s 2 2 ' q ^ B?' 1 . 

Moreover, It is well-known that the .£P(IR)-norm is equivalent to the B 2 -norm so that 

H S (R) = B S 2 ' 2 (R). 

Finally, for 1 < p < 00 we consider the space-time space L p (R;B 2 q ) equipped with the 

norm 



lull,-™- [Y, 2* J '«||A iW (t)||« 1 '""" 






We are now able to define our resolution space. For T > fixed, we consider the space 
X s a g T = L™B 2 ' q n L^B 2 +a ' q equipped with the norm: 



I n llx s ' 9 

"' '"fte]o,T[ 



[V sup 2«J'9||A,-«(t)||« 2 l "+ fy2^ s+a ) 9 ||A 



x - ''- ' ' .,,119 



Let us also consider the space 

Y*a ■= | n e L 1 (R* + ;Bl +2a ' q {VL)) and 8 t u G L 1 (R* + ; B s 2 ' q (M.))} 
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equipped with the norm: 

1/9 



\U\\\^s,q 
11 J a 



[E 2(s+2a)i9 ii A ^nijJ +[E^HAi«.iiij 



For T > 0, the restriction space Y^'t °^ ^" * s endowed with the usual norm 

\\u\\ Y s, q = inf{||u|| y ,, 9 , v = uon]0,T[} . 

For T > our resolution space will be E^% = X^fL + Y % endowed with the usual norm 
for a sum space : 

\\A\e s % ■= in i (IMIa- s % + IIHIy s '« )• 

a,l U=V-\-W a,J a,i 

3. Linear estimates 
We first establish the following lemma. 

Lemma 3.1. Let < T < 1 and <p 6 B^ ■ Then we have 

(3-1) \\S a (t)<p\\ X s, q < \\(p\\ B .,9 . 

a.,1 2 

Proof. The standard smoothing effect of the (fractional) heat semi-group is not sufficient 
here since we have 

\\S a (t)(p\\ B s+ a , q < t~2\\(p\\ B s,<l 
2 ^ 

and the right hand side of this inequality is not square integrable near t = 0. Integrating 
by parts the linear fractional heat equation 

(3.2) d t u - D 2 x a u = 

on ]0,£[xIR, t > 0, against u and using that u(0) = ip, we obtain 

u 2 (t,x)dx + / / \D®u(s,x)\ 2 dxds = / ip 2 (x)dx. 
Jo ii Jr. 



Using that for each j G N, AjS a (t)D^.ip satisfies the linear fractional heat equation (3.2) 
with D%.(p as initial datum, powering in q/2 and then summing in j > 0, we get for any 
T>0, 

i>o j>o j>o 

On the other hand, for j = — 1 we write 

\\A^S a (t)ip\\ L¥L 2 + \\A^S a (t)<p\\ L 2 TLl < 2T 1 / 2 ||A_ 1 5 a (t)^|| L o ?Li < 2T 1 / 2 \\A„M\ L 2 

and the result follows. □ 
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As a direct consequence we get the following estimate on the semi-group : Let < T < 1 
and ip £ B^ then it holds 

(3-3) \\Sa{t)ip\\ E a % ^ \\Sa(f)v\\x s >% ^ IMIb*' 9 • 

Let us now define the operator C a by 

(3.4) C a (f)(t,x)= [ S a (t-t')f(t')dt'. 

Jo 

Then we have 

Lemma 3.2. Let < T < 1 and f £ E s, %. Then we have 

(3-5) l|£«(/)l|y a -;« <(l+r)||/||^ Br . 

Proof. It suffices to prove the result for a time extension of j£ a (f). More precisely, it 
suffices to prove that 

ll^(/)lly- < ll/ll% B- . 

for any / £ Lj >0 B2 q supported in time in [0, 1] and where r\ £ Cq 3 (M) is defined in Section 
[2] . Let u be the solution of the Cauchy problem 

d t u - D 2 x a u = /, «(0) = 0. 

It is easy to check that u = C a (f). Multiplying this equation by u and integrating by 
parts, we get 

Z al Jr Jl JR 

Applying this equality to localizing in frequencies equation and using Bernstein inequality 
and the Cauchy-Schwarz one, we get for any j £ N, 



JR JR JR JR 



i'-' \ ' —A- (I lira riiTnno "I" rn c ocf i n nrtn o li ^-t r Ktt ( I k^ I ' 



Here Uj = AjU, fj = Aj/. If (/ R "wf) /Owe divide this last inequality by (J M Uj) 
to obtain 



;[W)+*«( [&*<([ tip 

JR ' JR JR 



On the other hand, the smoothness and non negativity of t (->■ ||wj(t)||^2 forces ^H^j wiij -• 
as soon as ||«j(i)||^2 = 0. This ensures that the above differential inequality is actually 
valid for all t > 0. Integrating this differential inequality in time we get for any j £ N, 



(3-6) 2 a *||tt,|U« < H/,-1 



LtL x ' 
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Now, in the case j = — 1, we get in the same way ||A„iu|| L 2 < ||A_i/|| L i L2 . Integrating 

on [0,2T] this leads to ||r/A_iu|| L i L 2 < T\\fj\\ L i L 2. 

Finally, in view of the linear fractional heat equation, the triangle inequality leads to 

( 3 - 7 ) \\ d t(vuj)\\ L j L 2 < \\vdtUj\\ L i L 2 + \\uj\\ l i L 2 < \\fj\\ L ijji. 

Since u = C Q (f), summing in j £ N using Bernstein inequalities and recalling the expres- 
sion of the norm in Y s,a , we conclude that 



(3-8) \\ V £ a (f)\\Y*>t 



□ 
Lemma 3.3. Let < T < 1 and u £ Y^'j,. Then it holds 

(3.9) ll^llx 8 ' 9 = IMIf°°R 3 >1 + Il n llf2 R« + a,9 ^ INIy"' 9 ■ 

In particular, E^ q T =->■ X'\,. 

Proof. Again it suffices to prove this estimate for the non restriction spaces. Actually, by 
localizing in space frequencies it suffices to prove that for any function u £ L^R^; L 2 (R)) 
with u t £ L 1 (R + ;L 2 (R)) it holds 

(3.10) ||u||roor2 < 1 1 lit 1 1 r 1 r 2 and ||u|| r a r2 5-, IM|rl r2 lltiillrl r2 . 
V I II \\ti t L, x r^j II T-\\L t h x II \\Lf >Q L x ~ II \\L t>Q L x \\ z\\L t>0 L x 



Indeed, applying (3.10) to the space frequency localization Uj of u, Bernstein's inequalities 
lead to 

2 JS |K|| LrL 2 < Vldtujh^ and 2^+«)||u,||* 2 L2 < 2^ s+2 °U 2 \\ Uj \\f L2 2^\\d t u 3 \\f L2 

l x t x u t>0 u x u t> QU x u t>0 u x 

which yields the result by summing in j and applying Cauchy-Schwarz in j on the right- 
hand member of the second inequalities. 



Let us now prove (3.10). The first part is a direct consequence of the equality u(t) = 
— J. Ut(s)ds and Minkowsky integral inequality. To prove the second part we notice that 
u 2 (t) = —u(t) J* t °° Ut(s)ds so that we can write 



roo r 

1 / u 2 (t,x) dxdt = 


/*00 P f't 

I I u{t,x) I ut(s,x)dsdxdt 


JR 


Jo Jr Jo 




P f'OO /'OO 


< 


/ / \u(tj x)\ dt / \ut(t,x)\ dtdx 




Jr Jo Jo 




/"OO /"OO 


< 


11/ Ht,-)\dt\\ L 2\\ \ut(t,-)\dt\\ L 2 




Jo Jo 



< \\u\\ T i r2 llti* II r l r2, 

where we used Minkowsky integral inequality in the last step. □ 
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4. Well-posedness for 1/2 < a < 1 



According to Lemma 3.2 we easily get for < T < 1, 



\V« 



(4.1) 



i 

< (V2^ 1 /2)|| Aj(n 2 )|| , 



i 



i/'/ 



Now, by para-product decomposition we have 

ll A i( n2 )llL^Li £ IMIz4jl A i«lli4 i!C + X] H A fc«lli4 ia ll A fc / «lli4 ia 

|fe-fc'|<3,fc>j 



The contribution to (4.1) of the first term of the above right-hand side member can be 
estimated by 

V<? 

= \M\l-l IMh ,. 



i 



J"llL|L2 



MIL 2 U ?2 B s+1/2,3 



which is acceptable as soon as a > 1/2 and (s > —a or s = —a and 1 < q < 2 ). Indeed, 
this last condition ensures that Hull 7-2 < Hull fa n»+o,?. For the second term, we notice 
that for a > 1/2, we can estimate its contribution by 



U \\j2 dO.CX) U \\f2 n" , , 

Lj rp -D n Ljrp _D ty \ £_^^ 



V<Z 



fy 2Jq (i/^)) /q < C ( 



(CX) \\U\\f2 r>0,oo \\U\\ f 2 rjs+a.ij , 



where C{a) > only depends on a > 1/2. 

In view of Lemma |3.3[ this proves that for a > 1/2, 



(4.2) 



\£>a(u 2 



\E 3 ' q ~ IMIf 2 ll^llfa R s+a, 9 < ||li|L- a ,2||n|| £ ;8,'3 



where the implicit constants only depends on a. In the same way, for any a GJ1/2, 1], 
there exists C a > such that 



(4.3) 



\^Ot{uv)\\ E s, a < \\u\\l2 \\v\\l1_ B s+a, q + ||u||?2 \\u\\f2 B s+a 



< C a [||u|| B ,-a,2 \\v || ps,i + ||v|| E ,-a,a||u|| B *>« 



Let us now fixed a €]l/2, 1]. (4.3) together with (3.3) lead to the existence of /3 > such 
that for all u G B 2 a,2 (R) with 

(4.4) 

the mapping 



U 0\\ B - a ' 2 (R) ^P 



u i-)- S a (-)u + C a (u 2 



THE CAUCHY PROBLEM FOR THE 1-D QUADRATIC FRACTIONAL HEAT EQUATION 9 

is a strict contraction in the ball of E~°y centered at the origin of radius (2C a ) _1 . Noticing 



that E%1 



E 



-a,2 



as soon as 



(4.5) 



(s > —a and 1 < q < 2) or s > —a, 



this ensures that the above mapping is also strictly contractive is a small ball of E^ q T as 
soon as (4.5 )-(4.4) are satisfied. Since S a is a continuous semi-group in 5|' 9 (R) and accord- 
ing to Lemma 3.3, E^\ M- L^B^' 9 , this leads to the well-posedness result in B|' 9 (R) under 



conditions (4.5) for initial data satisfying (4.4). The result for general initial data follows 



by a simple dilation argument. Indeed, the equation (1.1|) is invariant under the dilation 
u(t,x) \-t u\(t,x) = \ 2a u(\ 2a t,Xx) whereas ||A 2a «o(A- 



lB- a ^(R) 



< A"- 1 ^! 



■"o 



as A \ 0. Classical arguments then lead to the well-posedness result in B^' 9 ' 



S- Q ' 2 (K) 
y 2 



for 



arbitrary large initial data with a minimal time of existence T ~ (l + \\uq\ 



B~^(M)j 



4q 
"2a-l 



Note that, the well-posedness being obtained by a fixed point argument, as a by-product 
we get that the solution-map : uq i— > u is real analytic from B^i^) into C([0, T]; B^iM)) . 



5. ILL-POSEDNESS RESULTS FOR 1/2 < a < 1. 

In this section we prove discontinuity results on the flow map no H >■ u(t) for any fixed 
t > less than some T > 0. To clarified the presentation we separate the case s < —a and 
the case s = —a and q > 2. 

5.1. The case s < —a. We take the counter example of [TU] used for the KdV-Burgers 
equation. 

We define the sequence of initial data {<^jv}7v>i C C°°(R) via its Fourier transform by 



(5.6) MS) = N a {xi if (t) + xiA-®), 

where In = [N, N + 2] and xi N 1S the characteristic function of the interval In, 

l if£e/iv, 



That is 



4>n{x) 



xi N (Q 



N a sin(x) 



j\ ra 



if^/AT. 



cos 



[{N + iy, 



if x / 0, 
if x = 0. 



Clearly for 6 C (K) := {/ 6 C(K)| lim| lhoo /(*) = o}. 

For any (s,q) G R x [l,+oo] we have ||^Ar|I.B a ' 9 (R) ~ N a+S and thus ||</>jv| 
whereas 4>n — > in l?^' 9 ^)) f° r s < ~~ a - 



B~ a ' q 



(E) 
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Let us consider the following bilinear operator, closely related to second iteration of the 
Picard scheme, 

A 2 (t,h,h) = 2 [ S a (t-t')[S a (t')h] 2 dt', 
Jo 

where S a is the semi-group of the linear heat equation. Let us denote by J- x the partial 
Fourier transform with respect to x. Recall that 

?x{S a {t)<p){£) = e-WfMiO,*? G S'(K), 

and J~x(fg) = J~ x (f) *J~ x (g), where * is the convolution product. 
It follows that 



-''I «/ JR. 

^«i)^K-fi)(/"e- ( *-*' )l€|aa e-[l&l aa+ l« 1 l !ta ]*'cft')dei 

V In ' 





(5-7) = 2/^(6)^(^-6) nf > n Wi, 

Jr v fc>ai66) J 

where 

e Q (e,6) = iei 2a -ieii 2a -ie-6i 2a - 

Note that the integrand is nonnegative. In particular, T x [A 2 {t, <f> N, <I>n) )(£) = ^^(-^(t, <A;v, ^Jv)) (01- 
Let 

Ki(0 = {& I (£ " 6, 6) e In x /jv or (£ - 6,6) G 7-jv x I_ N } 
and 

^(0 = {6 I (£ " a, 6) G In x J_jv or (£ - 6,6) G I- N x I N } 
For any |£| < \, K^ft) = and thus 

J : x{A 2 {t^ N ^ N )){i) = 2/ <M6)<M£-6)(- n 77 . r e W- 

v J Jk?(o v B a (66) / 

On the other hand, for any (a, b) G R+ x M_ one has obviously, 

\a\ 2a + \b\ 2a - \a + b\ 2a > (|o| A \b\) 2a . 

Moreover, it is easy to check that ji^^)! > 1 and that in K^iO it holds N 2a < 
|©a(6 6)1 < 2(AT + 2) 2a Hence, fixing t G]0, 1[, it holds 

T x (A 2 {t,ct>N,4>N))tt) > e ~ t/2N2a 2{ ~ N e +2) 2a > l e ~ t/2 > V^G [-1/2,1/2], 
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for any N > large enough. This ensures that for any fixed (s, g)6lx [1, +oo] and any 
fixed t€] 0,1 [, 



(5.8) 



\A 2 {t,cf>NAN)\\B^> 7 e_</2 



for N > large enough. Taking s < —a this proves the discontinuity of the map uq i— > u(t) 
in B^ ■ To prove the discontinuity with value in P'(R), we proceed as follows. Let g G S(R) 
be such that g is positive equal to 1 on [—1/4, 1/4] and supported in [—1/2, 1/2]. We obtain 
for N > large enough, 



A 2 (t,4> N ,(t>N)(x)g(x)dx\ > -e t/4 . 



On the other hand the analytical well-posedness ensures that A 2 (t, <pN, 4>n) is bounded in 
B 2 a ' uniformly in N. Then, since P(R) is dense in 5(R), there exists ip £ P(R) such that 

1 



(5.9) 



A 2 (t, 4> N , <t> N )(x)<p(x)dx 



- 2 4 



-t/4 



This shows that A 2 (t, (piy; <J)n) does not converge to in D'(R) and proves the discon- 
tinuity from £|' 3 (R), s < -a into V'(R). 

We now turn to prove the discontinuity of the flow-map 

u(t,-) : B^(R) — ► I#«(R) 

/i i — > u(t,h) = S a {t)h + ^S a (t-a){u 2 {a))da. 

By the theorem of well posedness, there exist T > and eo > such that for any < e < eo, 
| B -«,i < 1 and < i < T, 



i (t,e/i) = e5 Q (t)/ J + ^e fc ^(t,/ 1 fe ), 



fc=2 



where /i = (/i, • • • ,/i), /i i— >■ Ak(t,h ) are /c— linear continuous maps from (i? 2 "' ( 
into C([0,T];S^" a ' (R)) and the series converges absolutely in C([0, T]; B^ 01 ' (R))- 
Hence 



0)* 



«(*, e^jv) - e 2 A 2 (t, 07v, <&v) = eS a (t)<p N + J^ e fc A fc (t, 4> k N ). 
Using the inequalities 



fe=3 



\S a {t)(f)N\\ B sA W < ||^JV|| B J.1 (R) < 2iV S+a 



and 



Y,£ k MtA k N ) 



fc=3 



fl." a,1 (») 



< [-) II £ 6*^(4 



,^: 



Ba—'^R) 



<CV 
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where C is a positive constant, we deduce that for s < —a, 

(5.10) sup \\u{t, e(f> N ) - e 2 A 2 (t, cj) N , </> N )\\ B s,i M < Ce 3 + 2e N s+a . 

te[o,T] 2 K ' 



According to (5.8) this leads, for e < „ e s , to 

||«(t,e^)|| B .,« w > C e 2 /2 - 2e iV s+Q . 

By letting N — > oo we obtain the discontinuity result since u(t, 0) = and 4>n — > in 
B2 Q (R) for s < —a. The discontinuity of the flow-map from B^i^) into T>'(R) follows in 



the same way by combining (5.9) and (5.10). 



5.2. The case s = —a and q > 2. This case is similar to the precedent except that we 
have to change a little the sequence of initial data. Here we take the same sequence as in 
the work of Iwabuchi and Ogawa [H] . For any N > 10 we define 

N<j<2N 



where (f) 2 j is defined in (5.6) 



Noticing that Afc0 2J = 6k,j ( p2^ we can easily check that 



') N \\ R -a,q ~ N 2 ' 1 



In particular, ||'0aHIb q, '« - > for any q > 2 whereas ||^jv|| B -«,2 = HV'ivllfl"-" ~ 1- Since the 



J 2 



equation is analytically well-posed in H~ a (R), in view of the preceding case, it suffices to 
prove that A2(ipN,ipN,t) does not tend to in V' . By the localization, it holds t^*^' — *-* 
on ] — 1/2, l/2[ as soon as j ^ f > 10 and the same reasons as above lead to 

fa{&)fa{Z - &)(- § , Tjy e )d£i 

\ j .ziv f 2 (?) ~ "a[C,,C,l) 

> N-h-^NzN 2 " ~ e N9 > -e- tt2 , V^G [-1/2,1/2], 

for any iV > large enough. This completes the proof of the ill-posedness results for 
1/2 < a< 1. 

6. Further remarks 

6.1. Wellposedness results in the case < a < 1/2. In this case we only consider 
the well-posedness results in the Sobolev spaces H S (R). We prove by standard parabolic 
methods that one can reach the dilation critical Sobolev exponant s c = 1/2 — 2a except 
in the case a = 1/2 where 1/2 — 2a = —a. See for instance [T2], [1] or |21j for the same 
kind of results in the case a = 1. 
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Theorem 2. Let (a,s) G R 2 be such that a G (0, 1/2] and s > 1/2 — 2a with s > —a. 
Then the Cauchy problem (1.1) is locally well-posed in H S (R). 

Proof. The proof is done using a fixed point argument on a suitable metric space. The 
case s > 1/2 is trivial since H S (M) is an algebra and the semi-group S a is contractive on 
H S (M). One can thus simply perform a fixed point argument in C([0,T];H s (M)) on the 
Duhamel formula for a suitable T > related to ||wo||_h" s (r)- The case s = 1/2 is also 
rather easy and is postponed at the end of the proof. So let us assume that 

(6.1) 1/2 - 2a < s < 1/2 if < a < 1/2 and - 1/2 < s < 1/2 if a = 1/2 , 

that is a, s belong to the set 

Ua,s) GM 2 |0 < a < 1/2, s > 1/2 - 2a and s > -a j. 

For s fixed as above we take < so < 1/2 such that 

< sq — s < a and 2so < s . 

This is obviously possible for a = 1/2 since s > —1/2, and for < a < 1/2 since 
s + 1/2 > s + a > (1/2 — 2a) + a = 1/2 — a > 0. We first establish the existence and 
uniqueness of a solution of (1.3) in 

X M ,T := \u G C((0,T],H so (R)) | \\u\\ Xt := sup r£ £ |Kt)|| jr .o W < m\ 
1 te(o,T] J 

by proving that the mapping 

A U0 (u)(t) = S a (t)u =F / S„(t - a)(u 2 (a))dcr, 

JO 

is a strict contraction in Xm,t for suitable M > 0, T > 0. 

From classical regularizing effects for the fractional heat equation it holds 



(6.2) ||S r (t)/|| H . a (R) < Ct-^\\f\\ HS1{R) ,V Sl <s 2 ,Vf£H 



Sl | 



Applying ( |6\2| ) with (si, s%) = (s, so), yields 

SQ— s 

(6-3) *^^||5'a(i)'Wo||_H' s O(R) < ||«o||h s (r) • 

Now, according to [11], since < so < 1/2, it holds : 

(6-4) W uv K 2s °-h(s.) ~ C \\ u \\h s o(k)\\v\\h s o(m), 
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where C is a positive constant. We thus obtain for any t > 0, 



s Q-s 
t 2a 



S a (t-t')u 2 (t')dt' 



(6.5) 



H 3 0(R) 



»o-» 



S a (f-i'K(i') 



_f/ s 0(R) 



dt' 



< £^a~ 



< 



(t-t) 2- ||U {t)\\ H 2s -l/2 {R) 

t*^ f\t-i!)^\Ht>)\\ 2 Hsm dt> 
Jo 

( sq—s \ 2 s-(l/2— 2a) 

r 2« ||u(r) || H . (K)j t 2a 

8-(l/2-2g) „ 

;$ * 2a Nil 



dt' 



2sn — 1 s- 



d6 



where in the last step we used that < so — s < a and that so > 1/2 — 2a since 
so > s > 1/2 — 2a. In view of (6.5) we easily get for < T < 1 and v% G X-p, i = 1,2, 

(6.6) 

and 



a-(l/2-2q) „ 

|A Uo (uj)||x t < II-S'cC-J'WoIUt +^ 2^ llutllx. 



a-(l/2-2q) 

(6.7) \\A U0 (v 1 -v 2 )\\x T <T 2 Q (||«i[|x T + [|u2[|jt t )[|ui - v 2 \\x T ■ 



Combining these estimates with (6.3) we infer that for s > 1/2 — 2a, A uo is a strict 



contraction on Xm,t with M ~ ||mo||.h" s (r) and T ~ II u o||^ ( (r\ 2 ~ 2q,> if s > 1/2 — 2a. This 
leads to the existence and uniqueness in Xt for any uq G H s (R). For s = 1/2 — 2a, A uo 
is also a strict contraction on Xm,t with M ~ ||^o||# s (r) and T ~ 1 but only under a 
smallness assumption on 1 1 «o 1 1 #"(«)• Hence, we get the existence in Xt for any uq G .£P(IR) 
with small initial data. Now to prove that the solution u belongs to C([0,T]; H S (R)) we 
first notice that S a (uo) G C(R+; H S (M)). Moreover , according to (6.2), we have 
ft 



sup 

te]o,T[ 



S a {t-t')(u 2 -v 2 )(t')dt 







< sup 
H8 ( R ) te]o,T[Jo 



Sa {t-t'){u 2 -v 2 ){t') 



H S (R) 



dt' 



^ sup 

te]o,T[Jo 

1 1 
^ sup 
te]o,T[^o 



t-t 



2a >\\ U - V \\ H 2s -l/2 (R )dt 



( t _ ^minCO,^^-)!^ _ V \\ HS0{R) \\ U + v\\ H s 0{R) dt' 



< \\u + v\\x T \\u- v\\x 7 



(6.8) 



- /-, . s — sn s — (1/2 — 2a) ■■. 
± V ' at ' 2a ' 



S ~ S Q s~(l/2-2a) ^ 



[1-0) 



. /r . (2sn — 1/2) — Sn s-sn 
mm (°. C 2. )0-Z SL dO 



. ,-. . s — sn s~(i/z — za}\ 

<r m ( 1+ ^'^H)|| u + v\\ x Ju -v\\ Xj 
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2sp~l/2-s 
2a 



> — 1 since 



where in the last step we used that < sq — s < a and that 
2so — s > s > 1/2 — 2a. This ensures that starting with a continuous function v £ 
C[[0,T];H s (R)) n Xm,t, the sequence of function constructed by the Picard sheme that 
converges to the solution in u £ X? is a Cauchy sequence in C([0,T]; H S (R)) and thus 
u G C([0, T];iT s (R)J, The continuous dependence with respect to initial data in H S (M) 



follows also easily from (6.8). 



It remains to handle the case of arbitrary large initial data in H s 



when s 



1/2 — 2a. We first notice that, according to (6.6)-(6.7), A Mo is a strict contraction in Xm,t 
as soon as M = 2\\S a (-)uo\\x T is small enough. Then, fixing no £ H Sc (R), by the density 
of H S °(R) in H Sc (R) we infer that for any e > there exists uo, £ <G H S °(M) such that 

SQ — S 

II Wo - Uo,s\\hsc(k) < e. Since u , £ G H S °(M) it holds ||5 a (-)u , £ ||x T < T^^\\u ,e\\mo(M)- 
This leads to 



s Q-s 



||Sa(-) u o||x T ~ T 2a l|wo,e||tf s o(R) +£ 



Noticing that the right-hand side member of the above inequality can be made arbi- 
trary small by choosing suitable e > and T > 0, this proves the local existence in 
C([0,T];H Sc (R)) n X T for arbitrary large initial data in £P C (M). Note that here T > 
does not depend only on ||«o||_ff s c( R ) but on the Fourier profile of uq. The uniqueness holds 
m{f£X T / 
Finally for s 



x t — > as t \ 0} . This completes the proof for (a, s) satisfying (6.1 ). 
- 1/2 we apply the fixed point argument in 



I„, T :={«eC((0,T] 1 ff 1 f(R)) 



\U\\ y 



sup t*\\u 

<6(0,T] 



l+a < M 

H-2-(K) - 



Using that -ff 2 (R) is an algebra we easily get 



(6.9) 



1 



S a (t-t')u 2 {t')dt' 



H-2-(R) 



< t< 







U 1+ 



a (it' 



'_ffT^(R) 



< t* / ||u|| 2 i +a dt' 

< tS||u||i Ce-^de. 

' jo 



This gives the local existence and uniqueness in Xm,t for M ~ ll n o||_H-i/2( ffi ) and T 



l U °llifl/2(R) 



. The fact that the solution u belongs to C([0, T]; i7 2 (R)) and the continuous 



Hi 
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dependence with respect to initial data in H 2 (R) follows by noticing that 



sup 

te]o,T[ 



S a (t-t')(u 2 -v 2 )(t')dt' 



(6.10) 



JT3(R) 



< 



< 



< 



< 



< 



sup 
t£]0,T[J0 



\S a (t - t')(u 2 - v 2 )(t')\\ 



HJ(») 



C&' 



sup 
<e]o,T[Jo 



(u 2 - V 2 )(i')|| 



H3(R) 



dt' 



sup 
te]o,T[./o 

sup 
te]o,T[ Jo 

llw + v 



\u(t') 2 -v{t') 2 \\ 1+c (it' 



H 



"(H) 



h(t') + «(0 



'H~ 



l + q 



: (R) 



\u(t') - v(t') 



'H~ 



l + q 



L W 



dt' 



y \\u — v\\ Y Tz 

J\_rp II II Aj 1 



-V 2 dd . 



□ 



6.2. Illposedness result for a = 1/2 and s = —1/2. Let us now prove an ill-posedness 
result at the crossing point (a, s) = (1/2, —1/2) of the two lines s = —a and s = 1/2 — 2a. 
Recall that there exists Tq > and Ro > such that the solution-map uq h-> u associated 
with (1.1) for a = 1/2 is well-defined and continuous from the ball B(0,Rq) L 2 of L 2 (R) 
with values in C([0,T]; L 2 (M)). The following norm inflation result clearly disproves the 
continuity of this solution map from B(0, -Ro)l 2 endowed with the -ff~ 1 ' 2 -topology with 
values in C([0, T]; H' 1 ' 2 ), for any T < T . 

Theorem 3. There exists a sequence T/v \ and a sequence of initial data {4>n} C L 2 (R) 
such that the sequence of emanating solutions {un} of (1.1 (is included in C([0,T/v]; L 2 (R)) 
and satisfy 



(6.11) 



Wllif-1/2 — > and \\un(Tn)\\h-i-/ 2 ~~ ^ +°° as N 



00 



We follow exactly the very nice proof of Iwabuchi-Ogawa [8] that proved the ill-posedness 
in H^ 1 of the 2-D quadratic heat equation. Note that (1, —1) is the intersection of the two 
lines s = —a and s = 1 — 2a, this last line corresponding to the scaling critical Sobolev 
exponent in dimension 2. We need to introduce the rescaled modulation spaces (M2,i)jv 
that are defined for any integer N > 1 by 



(M 2)1 ) N := [u € S'( 



u 



(M 2 ,i)n 



< OO 



where 



l n ll(Af 2 ,i)iV := Yl ll^lli 2 (fc,fc+2^) • 
k&2 N Z 
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It is easy to check that 

IMI(Af 2 ,i)iv = Yl W {i *v\\L2(k,k+2") 
ke2 N Z 

~ ( zZ \\'"\\L 1 (k,k+2 N )) ( /, \mL' 2 {k,k+2 N )J 
k£2 N Z kG2 N Z 

(6-12) < C 2 N / 2 \\ U \\ {M2l)N \\v\\ (M2l)N , 

for some constant Co > 0. Hence (M2,i)jv is an algebra and, since S a is clearly continuous 
in (Af2 7 i)jv, we easily get for any uq £ (M2 i i)n an d any v G L^{M2,x)n that 



(6.13) 



\Ko(v)\\ L? (M 2 , 1 ) N < ho\\(M 2A ) N + T2 N / 2 \\A U0 (v)\\l ¥ {M )jf . 



Picard iterative scheme then ensures the well-posedness of ( 1.1 ) in (M2,i)n with a minimal 
time of existence 



(6.14) 



r _2- JV / 2 | 



"o 



i-i 

\(M 2 ,ih 



Therefore the analytic expansion (6.16) holds in (M2 i i)n on the time interval [0, T]. 
We set 

where (p is defined in the beginning of Section 2, N > 1 and R > tends to as N — >• oo. 
We easily check that 



(6.15) 



>N,R\\(M 2A ) N 



< 4R2 N/2 and Un,r\\h-^ ~ R ~> ° as N ~> +°° 



According to (6.14), the solution utv,r of (1.1) emanating from 4>n,r exists and satisfies 
on [0,2-*], 



(6.16) 



UN,R( f ) = Sg(t)(j) Nt R + ^ A k (t, 4> k N,R), 



k=2 



where h k = (h, ■ ■ ■ ,h), h k \- )■ A k (t,h k ) are k— linear continuous maps from ((M2 t \)N) k 
into C([0, T]; {M2 : i)n) and the series converges absolutely in C([0, T]; (M2,i)jv)- Moreover, 
setting A\(t, h) := S a (t)h, the A k s satisfy the following recurrence formula for k > 2, 

(6.17) A k (t,h k )= J2 I S a (t-t')(A kl {t\h^)A k2 {t',h k *))dt' . 

k 1 +k 2 =k J ° 



According to (6.15), for any t > 0, 

\\S a (t)(j>N,R\\H-i/2 < -R -> as iV -^ +oo . 



L.s 
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Moreover, as in (5.7) , we have 

/ v r . t .., e [\t\-\ti\-\Z-ti\]t-i, 

A 2 (t)(0 :=^(^2(i,^,ij,<A7V,/?))(0 = 2 jf for,fl(£t)for, fl (e-ft)e- |g| *( ■ ■ _ ■ ■ _ ■ _ , ) < ., 

By the support property of 4>n,r we infer that for t < 2 it holds 

e [|€H&H«-&|]t _ 1 



-ICI* 



£ . 



ici-i6i-ie-6i 

This ensures that \A^t)(£)\ > R 2 2 N t for t < 2~ N and |£| < 2^/8. Hence, 

,IV 

1/2 



H-V2 C 



> i* 2 2"t 



(0 



-1 



(6.18) 



> RWtN 1 ' 2 



where (£) = (1 + l^l 2 ) 1 • On the other hand, we have the following upper bound on the 
H~ I -norm of the A^s. 

Lemma 6.1. For any k > 3 it holds 

(6.19) \\Mt,<fir,R)\\ H -V* ^ 8 k C^ l {N + lnk) 1 / 2 R k 2^ 2k - 2 ^kt k - 1 . 

Proof. We first prove that for k > 1 we have 



(6.20) 



\A k (t 



k\?,<PN,R)\\(M 2 ,i)r 



< Aks~lk-ljk-lT3kn(2k-l)N/2 



For k = 1, it follows directly from (6.15) that 



l^l(*,^,fl)||(Af a ,i) Ar = \\Sl/2(t)<t>N, R \\(M 2il ) N < ±B2 N/2 , 



and using (6.12) we obtain 



\ A -2{t,4 , N > R)\\{M 2 ,x) N 



< 



M(t,<J)n,r) 



(6.21) 



< C 2 N I 2 f A x {t)<t> 

Jo 

< A 2 C 2 3N/2 R 2 t. 



(M 2 ,i) N 
2 

(M 2 ,i)i 



(It 



(It 



In view of the expression (6.17) of Ak(t, (f) N R ), (6.20) follows then easily by a recurrence 
argument on k. 



Now, again from (6.17) it is easy to check that the support of the space Fourier transform 



THE CAUCHY PROBLEM FOR THE 1-D QUADRATIC FRACTIONAL HEAT EQUATION 19 



of A k (t,(j) k N R ) is contained in {£ € R, |£| < k2 N+2 }. It thus holds, using Hausdorff- Young 
and Holder inequalities, that 

MkMk,fl)llif-i/a < W(-y 1/2 \\LH-k2"+2,k2"+i) sup|4fc(t„^ H )|(£) 

£ea 

< 2(iV + lnA ; ) 1 /2 £ ^||^(r,^)*^(r,^)|| Lr dr 



ki+k 2 =k 



< 2(N + lnk)^ 2 Yl I \\ A kAr,^ R )\\ L 2\\A k2 (r 

U- I 7 I, " 



^iV,ii)IU 2dr 



k\+k 2 =k ' 

Therefore (6.12) and the fact that (A^i)^ "^ L 2 , with an embedding constant less than 
1, lead to 

\\Mt,<t>N,R)\\ H -i/i < 2(N + lnk) 1 / 2 J2 I \\ A k^A^ fi )\\{M 2A )JA k2 {rA k l R )\\ {M2l)N dr 

k 1 +k 2 =k J ° 

< 2(N + lnk) 1 / 2 4 k Ct 1 R k 2 {2k ~ 2)N/2 f T k ~ 2 dr( £ 1 



ki+k 2 =k 



(6.22) 



fct 



fc-l 



< 2(AT + lnA : ) 1 / 2 4 fe C fc - 1 J R fc 2( 2fe - 2 ) 7V / 2 ^^ . 



□ 



We deduce from the above lemma that 
(6.23) J^\\A k (t,<f> k N>R )\\ H -v 2 <8 3 Cl2 2N R 3 t 2 Y,(N + lnk)^ 2 (8C 2 N Rt) 

fc>3 fc>3 

Therefore setting R := A r_1 / 4 lnA r we get 
(6.24) 



fe-3 



sup ^2\\A k (t,^ R )\\ H . 1/2 < N-WQjxNfY^N+hxk) 1 /* , 



In iV \ *-3 



< 7 (N) 



k>3 



k>3 



with 7(JV) -> as JV -)• oo. Setting TV := (8C 2 7V )- 1 and gathering fl6T8| ), ( |6T9| ), (J6724) 
and (6.16) we deduce that 

(6.25) \\u N (T N )\\ H . 1/2 > C(ln N) 2 - A^ 1/4 In N - y(N) — > +oo as N -)• oo , 

which, together with (6.15), concludes the proof of Theorem pi 

Remark 6.2. By the previous theorems, for < a < 1, we obtained the well-posedness 
of the fractional heat equation (1.3) in H S (R) for s > max(— a, 1/2 — 2a) and (a,s) ^ 
(1/2,-1/2). See Figure [IJ 



20 



L. MOLINET AND S. TAYACHI 




s= 1/2-2 a 



Figure 1 . The domains of well-posedness and ill-posedness for the frac- 
tional heat equation (1.3) in H S (R), a G (0,1], s G R. Well-posedness 



holds inside the hatched region with its boundary without the point 
(1/2,-1/2). Ill-posedness holds in side the shaded region and the point 

(1/2,-1/2). 
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6.3. The periodic case. The periodic case can be treated in exactly the same way as the 
real line case since the linear fractional heat equation enjoys the same regularizing effects 
on the torus. The only difference is that the dilation symmetry, that we used at the end 
of Section [4j does not keep a torus invariant but maps it to another torus. To overcome 
this difficulty it suffices to notice that, in the periodic setting, the estimates derived in 
Section [3] are uniform for all period A > 1. 
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